The density functional approach to nucleation is extended to the study of the condensation of associating fluids. We use Wertheim theory for associating liquids in a system of spherical interacting molecules with single association sites. Our calculations show that classical nucleation theory largely underestimates the height of the nucleation barrier in this kind of system, but most of that error can be corrected through the classical model of Katz, Saltsburg, and Reiss for nucleation in associated vapors.
I. INTRODUCTION
For most simple fluids interacting through van der Waals forces, the classical theory of nucleation ͑CNT͒ gives reasonably accurate predictions of the critical supersaturation: the ratio of the pressure of the gas to the equilibrium vapor pressure of the liquid at which the nucleation of condensation becomes observable. Nucleation rates predicted by the CNT are typically in error by several orders of magnitude, and the temperature dependence is systematically in error. Predicted rates are too high at high temperature and too low at low temperature. The reasons for these errors in classical nucleation theory include the fact that the existence of the spinodal is ignored in that simple theory, as well as the fact that curvature effects on the surface free energy are not present in the classical capillarity approximation. In recent years, density functional techniques ͑DFT͒ have been applied to this problem and have demonstrated one pathway to move beyond classical nucleation theory and to improve agreement with experiment. 1 Other approaches have been based on computer simulation of critical clusters in nucleation. [2] [3] [4] For associating fluids ͑in which partial dimerization takes place in the gas and/or liquid phases͒ classical nucleation theory is much less successful. Experiments on acetic acid and other carboxylic acids [5] [6] [7] and on methanol and other short-chain n-alcohols 8, 9 have shown that even the critical supersaturations predicted by CNT can be significantly too small, implying that the predicted nucleation rates are many orders of magnitude too large. An early theory of the effect of association on nucleation is due to Frisch and Willis, 10 who calculated the dynamical effect of the presence of dimers as well as monomers in the vapor phase. Subsequently, Katz, Saltsburg, and Reiss 11 incorporated this dynamical effect in a more complete theory, in which they showed that a far larger effect arises in the barrier to nucleation due to the presence of dimers. The KSR theory gives significantly higher critical supersaturations, which are in much better agreement with experiment than those from classical theory. Typically, however, the experimental critical supersaturations now lie somewhat lower than those predicted by the KSR theory.
We have extended our density functional approach to nucleation to study the condensation of associating fluids. We restrict ourselves in this paper to spherical molecules with single association sites, each of which is capable of forming only a dimer with another molecule; in later work we will consider the case of two association sites per molecule. Our density functional extends the usual hard-sphere plus long-range attractive force model by adding a shortrange ''bonding'' interaction, which we treat using the Wertheim theory of associating liquids. [12] [13] [14] The nucleation rates from this calculation are significantly lower than those from classical nucleation theory, but over most temperatures somewhat higher than those from the KSR theory. These results are thus quite consistent with existing experimental data.
The outline of the paper is as follows. In Sec. II we describe the density functional we have used, and in Sec. III apply it to the equilibrium phase diagrams. Section IV extends the calculation to the nonuniform phases represented by critical nuclei, and Sec. V presents some brief conclusions.
II. DENSITY FUNCTIONAL FOR ASSOCIATING FLUIDS
Let us consider the case of a self-associating fluid of spherical interacting molecules of diameter . The molecules are assumed to have one bonding site that allows for the formation of dimers in the system; this association site models the presence of an additional highly directional but short ranged attractive interaction between particles, such as a hydrogen bond. In the framework of density functional theory ͑DFT͒, the mean-field Helmholtz free energy of the system can be expressed as a functional of the total local density ͑r͒:
where f h () denotes the local free energy density of a uniform hard-sphere fluid with density , f bond () corresponds to the local change in the free energy due to association, and att (͉rϪrЈ͉) is the attractive part of the isotropic interaction potential between particles. The total density ͑r͒ is related to the density of free particles, 1 (r), and the density of dimers, 2 (r), through (r)ϭ 1 (r)ϩ2 2 (r).
Free particles and dimers in the fluid are in chemical equilibrium and the chemical potential of dimers 2 ϭ2 1 , where 1 is the chemical potential of the free particles or monomers. Hence, the grand canonical free energy can be written as a function of 1 ,
͑2͒
In an open system, the minimization of this grand potential at constant chemical potential 1 , and absolute temperature T, determines the properties of the equilibrium states. The requirement ␦⍀/␦͑r͒ϭ0 ͑3͒ results in the equation
which can be solved to obtain the properties of homogeneous states or the equilibrium density profiles for coexisting phases and critical nuclei. 15, 16 The contribution to the free energy due to bonding between particles can be calculated using Wertheim's theory for associating fluids, [12] [13] [14] assuming the law of mass action to be valid at the local level for inhomogeneous systems. For molecules with only one bonding site, f bond is then given by
where k represents the Boltzmann constant, and X͓(r)͔ corresponds to the local fraction of free molecules (Xϭ 1 /). This quantity can be obtained from the local mass-action equation
where ⌬ is related to the equilibrium constant between free and bonded molecules. Given that (r)ϭ 1 (r)ϩ2 2 (r) and 1 (r)ϭ(r)X͓(r)͔, we obtain
. ͑7͒
The same kind of bonding contribution to the free energy was used in our theory for ternary microemulsions. 17 For our calculations, we choose to work with a simple model where the hard-sphere free energy density is given by the Carnahan-Starling expression 18 f h ͓͔ϭkT ͫ ln͑ ͒Ϫ1ϩ
where ϭ(/6) 3 is the packing fraction, and the particles interact through the attractive pair potential
The equilibrium constant ⌬ is evaluated using the approximate form
where g HS () is the contact value of the pair distribution function of the hard-core reference fluid, given by
in the Carnahan-Starling approximation. The quantity K v is a measure of the volume available for bonding on every molecule, and F w ϭ͓exp(⑀ w /kT)Ϫ1͔ is the Mayer f-function for the square-well interaction potential, of depth Ϫ⑀ w , that is assumed to exist between two bonding sites. The values of K v and the strength of the site-site interaction ⑀ w determine the properties of the associating fluid. In particular, the size of the bonding volume K v is a function of the molecular diameter , the range of the square-well bonding potential, and the position of the bonding site relative to the center of the molecule. We follow Jackson, Chapman, and Gubbins ͑Ref. 12͒ in our evaluation of K v , and perform all our calculations with a value of this parameter that ensures that only dimer formation is possible. It is within this limit of a very short-ranged bonding potential that Eq. ͑9͒ is expected to closely represent ⌬, since this relation assumes that the quantity r 12 2 g HS (r), with r 12 representing the distance between the centers of two molecules, is constant and equal to its value at contact 2 g HS () over the short range of the bonding potential.
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III. PHASE DIAGRAMS
The properties of coexisting phases at a given temperature can be obtained by solving the thermodynamic equations
where 1 is given by Eq. ͑4͒ and the bulk pressure P is readily determined by the relation PϭϪ⍀͓͔/V, for states with a homogeneous total density . Figure 1͑a͒ shows a series of typical phase diagrams for increasing values of ⑀ w * ; the presence of the bonding interaction favors phase separation at a given temperature and, as a result, the critical temperature T c increases. For high values of ⑀ w * , T c approaches the critical temperature of the fully dimerized fluid ͓see Fig. 1͑b͔͒ . The critical density, however, exhibits a nonmonotonic behavior as a function of the bond-ing parameter: it starts increasing as ⑀ w * increases, reaches a maximum value and then decreases toward the limiting value at full association. This particular feature has been preiously described by Jackson, Chapman, and Gubbins in Ref. 12 . These authors thoroughly studied the phase behavior of a mean-field model for associating fluids, similar to ours, exploring the effect of the strength and the range of the bonding interactions, and showing the model's capability to mimic the properties of real associating systems like acetic acid. As with these authors' findings, we observe that the initial increase in the critical density with ⑀ w * is associated with an overall increase in the attractive interactions. The association of monomers into dimers dominates the phase behavior for higher values of the bonding potential, causing the critical density to fall.
As expected, the formation of dimers is favored in the liquid phase because of its higher density, and the fraction of free particles decreases in both phases as ⑀ w * increases. We show in Fig. 2 the behavior of the mole fraction of monomers
as a function of the bonding strength, in coexisting phases at the same reduced temperature T r ϭT/T c ϭ0.5. There is a relatively small range of values of ⑀ w * , characteristic of each phase, where minor changes of this parameter have a strong impact on the degree of association. It is in this range of values of ⑀ w * for the vapor branch where we will concentrate our attention in order to study the effect of association on the barrier to nucleation.
IV. CRITICAL NUCLEI AND NUCLEATION
The interface between two phases becomes unstable away from coexistence. For metastable states, however, Eq. ͑4͒ still has a nontrivial solution which corresponds to a saddle point in functional space, and it is identified as the critical nucleus at a given supersaturation S ͑Sϭ P/ P e , the ratio of the actual pressure P to the equilibrium vapor pressure of the liquid P e at the same temperature͒. 16 Equivalent solutions can be found by minimizing the Helmholtz free energy in Eq. ͑1͒, with the restriction of having a fixed number of particles i in the system. 19 In both cases, the associated Euler-Lagrange equations for the total density ͑r͒ can be solved by using standard iterative techniques. The work of formation of the critical nucleus in a metastable vapor is then given by the grand potential difference
where v is the total density of the surrounding metastable vapor. In classical nucleation theory ͑CNT͒ for homogeneous nucleation, the work of formation of the critical nucleus is given by
where ␥ is the interfacial tension between phases at coexistence, and l is the coexistence liquid density at temperature T. The corresponding rate of nucleation is then calculated from the relation
where m is the molecular mass. The classical theory for homogeneous nucleation was originally developed for simple fluids and later modified by Katz, Saltsburg, and Reiss ͑KSR͒ for the case of associating fluids. 11 These authors introduced the thermodynamic effect of chemical equilibrium among embryos of different sizes in the metastable vapor, and arrived at the conclusion that association increases the barrier to nucleation by changing the equilibrium distribution of clusters. The energy needed to create a critical droplet from an associated vapor is then estimated to be
where S 1 is the supersaturation of monomers in the vapor ͑S 1 ϭ P 1 / P 1 e and P 1 is the partial pressure of monomers͒. The kinetic correction in the pre-exponential factor of the rate of nucleation depends on the mole fraction of monomers (x 1 ) and dimers (x 2 ) in the vapor:
but this has a relatively minor effect compared to the thermodynamic stabilization induced by association in the supersaturated vapor. Both the CNT and the KSR theory have been tested against experimental results for different associating fluids, including acetic acid and other carboxylic acids [5] [6] [7] and methanol and other alcohols. 8, 9 In general, the comparison has shown that the CNT tends to overestimate the rate of nucleation in these systems and predicts too low a value for the critical supersaturation at any temperature. The KSR theory, on the other hand, displays better agreement with the experimental results although there is a tendency to underestimate the rates of nucleation in those few cases where it has been tested. [5] [6] [7] The predictions of the CNT and the KSR theory can be compared with those of our DFT, where the barrier to nucleation is obtained through the procedure outlined above ͓Eq. ͑13͔͒. The total densities v and l and the surface tension ␥, required as an input to evaluate the work of formation of critical nuclei in both classical theories ͓Eqs. ͑14͒ and ͑17͔͒, can be calculated in a consistent way using our model and the formalism described in previous sections ͑␥ϭ͓⍀͓(r)͔ ϩ P e V͔/A, for coexisting phases with a planar interface of area A͒.
The typical behavior of the barrier to nucleation as a function of supersaturation S at a constant temperature T for a simple fluid (⑀ w *ϭ0.0) is illustrated in Fig. 3͑a͒ . ⌬⍀ CNT is a linear function of ͓ln(S)͔ Ϫ2 under these conditions, and the CNT predicts larger values of ⌬⍀ than the DFT except at very small supersaturations. For higher temperatures, the classical work of formation of critical nuclei becomes smaller than ⌬⍀ DFT over a wider range of supersaturations, although ⌬⍀ DFT always goes to zero at the spinodal where ⌬⍀ CNT has a finite positive value. For this reason, the CNT tends to underestimate the rate of nucleation at low tempera- FIG. 3 . Work of formation of critical nuclei at different supersaturations S ͑a͒ in a nonassociating fluid (⑀ w *ϭ0.0) and ͑b͒ in an associating fluid ͑⑀ w * ϭ20.0, at a reduced temperature T r ϭ0.5͒ as predicted by the density functional theory ͑DFT͒, the classical nucleation theory ͑CNT͒ and the KatzSaltsburg-Reiss theory ͑KSR͒.
tures and to overestimate the rate at higher temperatures.
As the bonding interaction between particles is increased, the range of values of S where ⌬⍀ CNT Ͻ⌬⍀ DFT becomes wider, with a stronger effect at the lower temperatures where association is favored; the relative difference between the results of these two theories is highly sensitive to the degree of association in the metastable vapor, but not to the degree of association of the nucleating liquid. Figure 3͑b͒ illustrates the effect on ⌬⍀/kT for a system with ⑀ w *ϭ20.0 at T r ϭT/T c ϭ0.5; the CNT overestimates the rate of nucleation over a broader range of temperatures and supersaturations as ⑀ w * is increased. On the other hand, the KSR theory predicts higher barriers to nucleation than the DFT in most cases, as shown also in Fig. 3͑b͒ . In fact, the results for the DFT and the KSR theory follow similar trends to those observed for the DFT and the CNT in the absence of association. In that sense, the KSR theory seems to correctly take into account the effect of association on the work of formation of the critical nucleus; the deviations from the DFT are essentially linked to the classical assumptions concerning the structure and properties of the nucleating entities that are still present in the KSR approach.
Both classical theories predict a smaller size for the critical nucleus than the DFT at a given temperature and superaturation. The KSR theory, however, consistently gives a much closer estimate to the DFT result, as illustrated in Fig.  4 . In the density functional theory, the number of particles in the cluster i e is assumed to be given by the excess number of particles i e ϭ ͵ ͓͑ r͒Ϫ v ͔dr,
͑19͒
while i e ϭ32␥ 3 /3 l 2 (T ln(S)) 3 in the CNT, and i e ϭ32␥ 3 / 3 l 2 (T ln(S 1 )) 3 in the KSR theory. Given the relatively small kinetic effect on the rate of nucleation due to association of molecules in the vapor, we estimated the critical supersaturations S c by finding the thermodynamic conditions that lead to a fixed value of ⌬⍀/kT at any temperature. Results for the three different theories in the particular case ⌬⍀/kTϭ50.0 are illustrated in Fig. 5 . Deviations from the results of the DFT are qualitatively similar to those observed between the experimental results for associating systems and the predictions of the classical theories, [10] [11] [12] that either underestimate ͑CNT͒ or overestimate ͑KSR͒ the critical supersaturations for these fluids.
In general, the nature and actual value of the deviations between the nucleation rates predicted by the DFT and the classical theories ͓with J DFT ϭJ 0 exp(Ϫ⌬⍀ DFT /kT) when compared to the CNT, and J DFT ϭJ 0 Ј exp(Ϫ⌬⍀ DFT /kT) when compared to the KSR theory͔ depend on the temperature and the strength of the bonding interaction. This is illustrated in Figs. 6͑a͒ and 6͑b͒ , where we follow the behavior of the ratio of the rates of nucleation obtained with the DFT and both classical theories as a function of temperature for several values of ⑀ w * . These particular results correspond to comparisons with DFT-rates obtained for a fixed value of the barrier to nucleation ⌬⍀ DFT /kTϭ50.0, but qualitatively similar results are obtained under different conditions. Figure 6͑a͒ can be compared with the analogous Fig. 10 in the experimental work of Strey, Wagner, and Schmeling in Ref. 8 . In that work, the authors studied the homogeneous nucleation rates for n-alcohol vapors and compared their results with the predictions of the CNT. In their results, as they moved from hexanol to methanol, or from less associating to more associating fluids, they observed trends similar to the ones we observe: the slope of the approximately straight lines in the J DFT /J CNT ͑J exp /J theor in Ref. 8͒ vs 1/T graphs decreases from the less associated case to the more associated one. In the same order, the intersection with the line J DFT /J CNT is shifted to lower temperatures. This behavior is related to the effect of the temperature on association, and hence on the corresponding work of formation of the critical nuclei. At low temperatures association is favored and the barrier to nucleation increases; this phenomenon attenuates and even overcomes the natural tendency of the classical theory to underestimate the nucleation rates under these conditions. When the temperature is increased, association is destroyed and the behavior approaches that of nonassociating systems. For stronger associating fluids one can then expect a change in the sign of the slope of J DFT /J CNT vs 1/T graphs as illustrated in Fig. 6͑a͒ for ⑀ w *ϭ15.0, even though this behavior was not observed in any of the systems studied experimentally. Finally, it is important to point out that the range of temperatures analyzed in Fig. 6͑a͒ is similar to the equivalent experimental range in Ref. 8 when expressed in reduced temperature units.
The comparison of the nucleation rates predicted by the DFT and the KSR theory is depicted in Fig. 6͑b͒ . Over nearly the entire range of temperatures and bonding strengths that is analyzed ͑0.4рT r р0.7, 0.0р⑀ w *р20.0͒, the KSRtheory underestimates the nucleation rates except for the higher temperatures. Deviations tend to become smaller for the more associated fluids at an equivalent reduced temperature T r .
V. CONCLUSIONS
Our calculations show that classical nucleation theory fails drastically for associating liquids, when compared with the results of the density functional approach. However, most of that error can be corrected through the classical model of Katz, Saltsburg, and Reiss. Although the KSR theory typically gives a lower nucleation rate than the DFT, the deviations look very much like those seen in a comparison of classical theory with the DFT for simple liquids. This suggests that the special features of associating liquids are incorporated correctly in the KSR theory.
In future work, we will examine associating liquids with two interaction sites per molecule. These can form chains of various lengths, rather than the simple dimers of the present model, so the resulting chemical equilibrium is more complex. Chain-forming associating liquids provide a useful starting point for studying molecules with large dipole moments. Such molecules can lower their energy through headto-tail interactions, forming chains of the type that can be investigated using our DFT approach. We are also extending our work 17 to amphiphilic molecules whose hydrogenbonding interactions with water in micelles, vesicles, and membranes can be studied through density functional approaches.
